Critical Flow of Liquid-Vapor Mixtures
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A unified theory of one-dimensional, adiabatic, separated, two-phase flow is presented. To
describe the flow adequately, four mixture specific volumes are defined. They are based on
area, momentum, kinetic energy, and velocity averages. Increasing relative velocity between
the phases initially lowers all mixture specific volumes except the velocity average. The momen-
tum average specific volume minimizes when the slip ratio equals (Vg/V5)1/2, while the kinetic
energy average specific volume reaches its minimum value at a slip ratio of (V4/V5)1/3, Area
average specific value does not minimize with slip ratio.

Because a higher slip ratio would decrease the entropy of a closed system, (Vy/Vy)1/3 is the
maximum slip ratio attainable in two-phase critical flow. Based on the maximum slip ratio and
isentropic flow, a new critical flow model was developed and compared with the steam-water
critical flow data of four recent investigations. While the predicted flow rates followed well the
pressure behavior of the experimental data, they were too low at high qualities and too high at
low qualities. The average percentage difference between experimental and predicted critical

flow rates was —8.5% (three hundred and seventy-six data points).

Differences in the approach to critical flow between a gos and @ vapor-liquid stream appear
to be caused by the latter’s increased frictional and gravitational pressure drops and relative

velocity effects.

A liquid-vapor stream exhibits a critical flow phenome-
non similar to, but not identical with, that of a gas. Criti-

cal flow in a gas is described by G = \/ — & (—(?—PL) >
vV /s

and is related to the velocity of sound in the same me-
dium. Maximum flow rate and critical pressure  are
reached when the stream velocity is equal to that of a
rarefaction wave in a gas. Because of this, the down-
stream pressure cannot be transmitted upstream and a
back pressure change does not affect the flow conditions,

Attempts to apply this reasoning to two-phase, one-com-
ponent flow have met with little success. Most recent in-
vestigators (I to 3) have employed a single-fluid concept
or homogeneous model. It predicts critical flow rates that
are lower than experimentally determined ones by a fac-
tor as great as six. However, deviations from this model
have appeared to be a strong function of quality, with a
weak pressure dependence in the 0.01 to 0.15 quality
region. Three investigators (I to 3) have presented their
data in this fashion. Fauske (4) attacked the problem with
a different approach, which closely predicted the pub-
lished experimental data. His theoretical treatment, how-
ever, is subject to question,

Recently, critical flow models were proposed by Moody
(5) and by Levy (6). Employing the total energy equa-
tion solved for flow rate, Moody found that the flow rate
maximized when dG/dP = 0 and when the slip ratio K
was equal to (Vy/V;)1/3 Levy’s approach was based on
the separated model momentum equation. By equating
the static pressure drops in each phase, he was able to
relate the mixture quality and void fraction. Using this
relationship and G? = — g.(dP/dVy), he computed criti-
cal flow rates for steam-water mixtures. Results of both
Moody’s and Levy’s models agreed closely with published
experimental data.

In the following treatment, critical flow is depicted as
occurring at the maximum entropy state for constant area
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flow under a given total energy. The model is intended to
apply to adiabatic two-phase systems in thermodynamic
equilibrium.

A ONE-DIMENSIONAL APPROACH TO TWO-PHASE
HYDRODYNAMICS

Because of its complexity, two-phase, one-component
flow is usually treated mathematically in one dimension.
Generalized mass, momentum, and energy balance equa-
tions are greatly simplified if the following assumptions
are made: (1) The flow is one-dimensional. (2) The flow
is adiabatic and at steady state.

The conservation equations abstracted from Meyer (7)
are listed below in integral form.

Mass:
G/BZ( f plz, dA) =0 (1)
A
Momentum:
1 AdP
Loz ( ) _ AdP
z / ;! pudA Z

_f TdL_( ) pdA)-:Tsina (2)

A
Mechanical energy:

a/az( ! puz3dA> = _< ! ”ZdA>g;;

dS
—GAL— ( f pusz)-gg—sina (3)
A 3

Energy:

iz ( § pnan) [ a2 ( f Eouian
—( _! pusz>gsina]-g—lJ— (4)

For further simplification of Equations (1) to (4), the
following quantities may be defined:

Cc
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Mass flow rate:

c=Aif puz dA (5)

A
Area average specific volume:

1 -1
VA=(—‘fpdA) (6)
Ay
Momentum average specific volume:

f ptiz® dA (7)

V =
MTGA

Kinetic energy average specific volume:

Ve = [calA ;f puz’ dA ]1/2 (8)

Velocity-weighted specific volume (homogeneous):

1
Vy = — dA 9
e ;!. “ ®)
Flow-weighted enthalpy:
— 1
H=—— HdA 10
o (10)

Substituting these definitions back into the conservation
equations, we obtain

8/9Z (GA) = 0 (11)

dP A
a/aZ(VMczA)=—gcA—d—z——gc! TdL—‘g/—ASl?a)
12

1
9/6Z (GPAVgg?) =

C

P dS GA
_cavy . _ca gr B S48
dZ dz g

sin a (13)

8/0Z (GHA) 1
1
- [ — 5 /92 (G*AVxs?) — GAgsina ] e (14)

Cs

Equations (11) to (14) represent the laws of conserva-
tion of mass, momentum, and energy for a variable-area,
adiabatic, steady state channel flow. If single-phase flow
with a flat velocity profile is assumed, V4 = Vu = Vkg
= Vy = 1/p. However, these quantities differ slightly
when a velocity profile is curved in single-phase flow; they
may deviate significantly in two-phase flow.

HOMOGENEOUS AND SEPARATED FLOW MODELS

Two models, homogeneous and separated, are currently
used to depict two-phase flow. The homogeneous model
treats the mixture as a single fluid whose properties de-
pend upon the relative abundance of each phase. Thus the
specific volume and enthalpy of the mixture are given by
the expressions

V=X Vy+ (1—X) V;
Hy=X Hy+ (1—X) Hy

Since homogeneous, two-phase flow is but a simple exten-
sion of single-phase flow, V4 = Vy = Vixg = Vu. The
model has had moderate success in describing two-phase
flow if the density difference between the phases and the
total flow rate are low. It does a poor job of predicting
liquid-vapor critical flow rates.

It is well known that many flow patterns can exist in
two-phase flow. At mass flow rates approaching the criti-
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cal, one would expect only bubble, annular, or mist flow
to be present, according to Baker’s correlation (8). The
separated flow model was originally intended to depict
annular flow, but it has been used successfully to correct
f(ogr) differing phase velocities in other flow regimes as well

Two stream tubes exist according to the separated
model. Each is characterized by a cross section normal to
the flow, a mass flow rate, a uniform velocity, and a set of
physical properties. One recognizes immediately that this
is only a simplified approximation. For instance, in mist
and bubble flow a spectrum of droplet and bubble veloci-
ties exists. If discussion is limited now to a constant area
flow passage, Equations (5) through (10} become

G=G,+ G; (15)
1—R, R, ]!
e[ BT
A 7 +Vg where
1—X Vs -1
n=| (=) () k1]
g X v, +1 (18)
X, (1—X)Vq
Vi = (17
¥R, 1—R, )
X3V, 2 1—X)%ve T2
VKE=[ g ( ) f2] (18)
Rg? (1—Ry)?
V= (1—X) Vs + XV, (19)
H=(1-X)H;+X H, (20)

Area, momentum, and kinetic energy average specific vol-
umes may also be written in terms of the slip ratio:

_ (1—X) ViK + XV,

Va= =00 K+X (21)

Vi = [XZ + (1—-X) V,] [1+X(K—1)]
(22)
Ve ={ [ 2+ 0—0v [ nexae-n}”
(23)

Since the separated model becomes equivalent to the
homogeneous model if the slip ratio K equals one, K is a
measure of the departure from homogeneous flow. Slip
introduces an extra degree of freedom into the flow, and
it must be recognized that slip does not affect momentum
and kinetic energy in the same manner. Typical behavior
of the four defined specific volumes with slip ratio is
shown in Figure 1.

Area average specific volume Vs decreases monoton-
ically with slip ratio; however, momentum and kinetic
energy average specific volumes do not—each exhibits a
minimum. The momentum average specific volume mini-
mizes with respect to slip ratio at K = (V,/V;)1/2, while
Ve reaches its minimum value at K = (V,/V;)1/3. Vance
{9) has shown that the forward momentum of a liquid-
vapor stream minimizes with respect to slip ratio when
K = (V,4/Vy)1/2, Since a higher slip ratio would increase
the forward momentum, its presence is highly unlikely.

Kinetic energy also minimizes with slip ratio. At any
point in liquid-vapor flow, the separated model kinetic
energy is

Vke? (24)

Taking the variation with respect to slip ratio, setting it
equal to zero, and solving for K we show that kinetic
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Fig. 1. Effect of slip ratio on mixture specific valume.

energy minimizes with respect to slip ratic when K =
(Vg/ Vi) 115,

At any cross section, the separated flow energy equation
is

He= XH, + (l——X)Hf+-92V—K’i- (25)
2g.J
Taking the variation with respect to K we get
oH° 4(KE)
9K oK

Thus, the required total energy for a given flow mini-
mizes with respect to slip ratio when the slip ratio reaches
(Vg/Vi)173, Or, if the total energy is fixed, mass flow rate
maximizes with respect to slip ratio when K = (V,/V;)1/3,
Because a higher slip ratio would increase a flow’s total
energy requirement, a slip ratio greater than (V,/V)1/®
would not be expected.

To establish whether or not (V,/Vy) /3 is truly the max-
imum attainable slip ratio in separated two-phase flow,
one must consider the relationship between slip ratio and
entropy production. Equation (13), which relates entropy
production by viscous dissipation to the flow variables,
will be employed to establish this interconnection. How-
ever, it is first important to recognize that Equation (13)
implies that even though thermodynamic equilibrium
does not truly exist, the equilibrium relationships are
valid. Prigogine (I0) has shown that the domain of valid-
ity of the irreversible thermodynamic principle of mini-
mum entropy production is restricted to transport proc-
esses which meet the following conditions: linear phe-
nomenological laws, Onsager’s reciprocity relations are
valid, and phenomenological coefficients may be treated as
constants.

Therefore Equation (13) has not yet been shown to be
universally true for high-speed flows, where the phenom-
enological laws are nonlinear and the phenomenological
coefficients are not constant. Thus the following treatment
is tentative, and it awaits further developments in non-
linear analysis techniques of irreversible thermodynamics.
In the interim, comparison of theoretical results with ex-
periment will be used as one test of the approach.

At constant area, the mechanical energy balance, Equa-
tion (13), after rearrangement and integration is
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AS =

2
1 G?
— [—-AVKE2+ ‘f VHdP'l'ESinaAZ]
ITavg 1 gc

2g.
(26)
Taking the variation of AS with respect to K, we get
9a8 G* 9(AVks?
=— (&Vre) (27)
oK 28 JTavg dK
Thus the increase in entropy due to slip ratio is directly
8(AVkg?)

proportional to . By letting AV represent the

oK

difference between separated and homogeneous flow, AS
is then the entropy difference between the two flow modes.

8(AVgg?) _ 3 (Vkze?)
oK oK

tion is negative in the region 1 < K < (V,/Vy)¥/3 and
equals zero at K = (V,/Vy) /3, Therefore the entropy of
the system increases with slip ratio, reaches a maximum
with it at K = (V,/V§)'/3, and decreases with it at K >
(Ve/ V)1,

One can generally say that for constant-area separated
flow, any change in slip ratio will be in the direction of
(Vg/V;) 173, Initially, if a slip ratio greater than (V,/Vy)1/3
is present, it will tend to be reduced. On the contrary, a
slip ratio lower than (Vy/V{)'/? will tend to increase.
However one cannot generally infer that a slip ratio in-
crease above (Vy/V;)1/3 violates the second law of ther-
modynamics, because the system’s entropy may change
in other ways.

Since 8Vx2/6K = 0, . This func-

CRITICAL FLOW EXPRESSION

When a liquid-vapor mixture flows in a %ipe, vaporiza-
tion (sometimes condensation) occurs as the static pres-
sure decreases. Boiling causes a large volume increase and
a corresponding acceleration of the two-phase mixture.
Specific volume change due to condensation is less than
that caused by the static pressure decrease, so the mix-
ture accelerates here too. If the axial pressure profile is
steepened by decrease in the downstream pressure, mass
flow rate will increase only up to a certain value. Beyond
this point, back pressure will have no effect on the flow
rate. The maximum is called the critical flow rate; the
pressure where this condition is reached is labeled the
critical pressure.

Single-phase critical flow is sometimes described as the
maximum entropy state for constant area flow under a
given total energy. The familiar fanno line diagrams, orig-
inally proposed by Stodola (11), point this out. Here, the
same description will be applied to liquid-vapor critical
How.

Note that in single-phase flow, critical flow occurs when
the stream travels at sonic velocity. This is not true for
liquid-vapor critical flow, according to the experimental
results of Faletti (1) and of Zaloudek (3). It is difficult
to depict a two-phase mixture, with differing phase veloc-
ities, as having a characteristic sonic velocity.

At critical flow dS = 0, and the mechanical energy bal-
ance Equation (13) is solved for G? and constant area
flow, giving

oP 9z
o m g =) —sgama (=)
€ H( 3(Vkse?) /s g s 3(Vke?) %
(28)

Recognizing that the elevation term is very small com-
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pared to the reciprocal compressibility term, we can neg-
lect it, leaving

P )
3(Vke?) /s

G =— chH (
as the critical flow expression for two-phase separated
flow.

A slip ratio must be specified to solve Equation (29).
It has been shown in the previous section that the sys-
tem’s entropy increase due to slip ratio maximizes when
K = (V,/V;)1/3, To maximize the entropy of the system,
(Vg/V5)1/% must be the slip ratio at critical flow. Evalua-
tion of the partial derivative in Equation (29) yields the
following expression for critical flow:

(29)

—g:.Vgy

dynamic equilibrium conditions given by Equation (30)
are plotted in Figure 2 vs. total energy, with pressure
and quality as parameters.

In reference 12, a critical flow expression was developed
from the momentum Equation (12). By solving it for G2
under constant area flow, the following is obtained:

G =

d gc g
—g P _ dL ———8_ __ing
Vy (BVM) ! éf‘r (BVM) .
0Z o0Z

(32)
As mass flow rate increases, acceleration pressure drop

1/2

G= X

K

v,
aP

(

Equation (30) indicates the critical flow rate to be as a
function of individual phase specific volumes, mixture
quality, and their partial derivatives with respect to pres-
sure at constant entropy. Evaluation of the fluid proper-
ties in Equation (30) depends upon whether or not the
liquid-vapor mixture is in thermodynamic equilibrium.
This subject is treated in reference 12. It is assumed that
thermodynamic equilibrium exists in this development.
Therefore, properties become a function of pressure only
and the partial derivative of quality with respect to pres-
sure at constant entropy is

Vil + X (K2—1)72 [

)S + 3/2Vi(K2—1) (

60X

vy
aP

oo (2]
),+a-x(31)
overshadows both frictional and gravitational Fressure
drops. A limit to this process would be the complete dis-
appearance of the frictional and gravitational terms. Since
frictionless, adiabatic flow connotes isentropic flow

oP
G2=4—gc( )
S

WV
If this equation were regarded alone, G would maximize
when K = (V,/V;)1/2, However, entropy considerations
dictate that K max = (V,/V;)1/3, Evaluation of Equation
(33) gives the following expression for critical flow:

(30)

(33)

ds d(S,—S — . K 172
(3}5) _ 1 [ 14 x2S f)](sl) C— g
aP /g4 S;—S8; Lar dpP A(an) +B(££) +C(an
Critical flow rates for steam-water mixtures under thermo- oP /g P /g 9P /g ) (34)
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where )
(K=1
A=X[ 1—{-——-—5—K—— [X (3K + 1)—1]]

B=V,[l+2X (K—1)]
+ VK [(1—2X) (K—1) —1]

C=(1—X) [1+X(K—1) <1+§;> ]

The momentum model critical flow equation was incorrect
when presented in reference 12. The error has been recti-
fied here. Moody’s model was derived from the total en-
ergy balance Equation (25). The ratio of Moody’s expres-
sion to Equation (30) is

Cuvss 19
aP /g

GEquatlon 30 VH

Because the conservation equations should be consistent,
critical flow rates calculated by either of the three ap-
proaches should be equal. But the critical flow expressions
are not equal, which indicates a serious deficiency in the
separated model when applied to liquid-vapor critical fow.

A CRITIQUE OF THE ISBIN-FAUSKE MODEL

Fauske (4) presented a model for two-phase critical
flow by using a radically different approach. His reason-
ing is outlined and commented upon in the following
discussion. He made five key assumptions in the develop-
ment of the model.

1. Separated flow (annular flow pattern)

2. Thermodynamic equilibrium between liquid and
vapor phases

3. Critical flow is attained when dG/dP = 0

4. The absolute value of the pressure gradient reaches
a finite (rather than infinite} maximum for a given
flow rate and quality at the point of critical flow

dp

daz

5. Irreversibility can be accounted for by a friction fac-

= {max} Finite
G, X

Fe2gD f L

tor defined as AG
After employing assumption 5 and after neglecting the
gravitational term, the momentum Equation (12) becomes

dP G (BVM +fVM)

dZ g. N9z 2D
Because of assumption 4, the right-hand side of Equation
(35) must reach a finite maximum. Fauske reasoned that
the slip ratio, being the only unrestricted variable, maxi-
mized the acceleration and frictional pressure drops.

Taking the variation of Equation (35) with respect to
K, we obtain

oz () +o (Z) o 2u (L) =0

(36)

(35)

where

Vu ( V,
re X(1-X) \Vy 7
and a maximum exists.

Fauske stated that 8Vy/0K = 8f/0K = 0 was a solu-
tion to Equation (36), and arrived at K = (V,/V;)1/2 as
the slip ratio that would maximize the pressure gradient.
He obtained (8f/9K) by graphing average friction factor
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from his experimental data vs. slip ratio. He found that
the friction factor maximized with respect to K when K
= (V,4/Vy)1/2 for the experimental runs he investigated.
The rest of Fauske’s justification of his fourth assumption
was erroneous for two reasons. First, 8Vy/0K = 0 repre-
sents a minimum, not a maximum, because 8*Vy/0K?* =
2 X (1—X) V,/K3 is always positive. Second, the as-
sumption that dVy/0K = df/0K = 0 solves Equation
(36) is not absolutely correct. The first term is 3/9Z
(8Vy/8K). When 8Vy/9K reaches zero at a given point,
the derivative does not necessarily equal zero at that
point. The behavior of 8/0Z (6Vn/9K) at critical flow
cannot presently be determined analytically, however, it
can be approximated by the scheme discussed in the fol-
lowing paragraphs.

Substitution of the expression for 9Vy/9K into the first
term of Equation (36) gives

A\
3/9Z [X(l‘—X) (Vf—K—g) ] =0 (37)
This indicates that at Z = 0

\'
X(1—X) (Vf——1<—2g~ ) = constant (38)

Notice that Equation (38) is tantamount to saying that
atZ =0
X(1—X)V,

2 =
X(1— X) V;— constant

(39)

Since the constant is arbitrary, Equation (38) stipulates a
slip ratio expression, not a specific value. This shows that
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Fig. 3. Variation in Vs with respect to K vs. distance.

January, 1967



TapLE 1. RECENT CriticAL Frow Stubnies: RANGE OF PARAMETERS

Critical Distance from exit
flow rate, of last pressure tap
Exit pressure, Ib.m/ (sec.} (No. of equiv.
Investigator Exit quality Ib./sq. in. abs. (sq. ft.) Pipe size and length, in. diameters)
Faletti (1) 0.001 to 0.975 26 to 106 126 to 6,215 0.574 1.D., 0.188 and 0.375 O.D. At exit
center rods, length of 35.14, 21.31, +0.04 to 0.08
8.98, 0.5313
Fauske (4) 0.010 to 0.700 40 to 360 500 to 4,300 0.269, 0.125, 0.4825 1.D., lengths 1
of 56.25 and 110
Zaloudek (3) 0.004 to 0.990 40 to 110 100 to 1,000 0.520 and 0.625 1.D., lengths to 0.06
48
Cruver(12) 0.018 to 0.971 147 t0 40.5 88.6t01,258 0512 LD, length 24 0.02

8/0Z (8Vy/9K) = 0 may be satisfied by an infinite num-
ber of slip ratios as given by Equation (39).

Slip ratio data have not yet been published at critical
flow, but Vance (9) collected and restrictively correlated
slip ratio data at flow rates up to G/Geriticat = 0.95. By
using Vance’s slip ratio correlation within the range of his
experimental data, and a critical flow pressure profile from
reference 12, 0V /3K was determined as a function of Z
{see Figure 3). If 4/9Z (8Vx/8K) tended toward zero as
Z — 0, one could state that Equation (36) is valid even
though an absolute maximum with respect to slip ratio is
not present.

Examination of Figure 3 reveals that 3/8Z (9Vy/0K)
increases as Z approaches zero. This, while not giving
conclusive proof, strongly indicates that Equation (36) is
invalid, Thus, one concludes that dP/dZ does not attain
a finite maximum in two-phase critical flow because of a
slip ratio variation.

COMPARISON WITH EXPERIMENTAL DATA

Steam-water critical flow predictions by the maximum
ship ratio model are compared with the combined data of
Faletti (1), Fauske (4), Zaloudek (3), and Cruver (12).
Parameter ranges of the experimenters are indicated in
Table 1. Though the investigators explored different re-
gions of pressure, there is close agreement in areas of
overlap. The critical flow data also show reasonable con-
sistency when plotted vs. pressure and quality.

All four investigators measured critical flow of steam-
water mixtures in constant-area conduits. Streams of steam
and water were intimately mixed in varying proportions
prior to entering the test section. Friction and accelera-
tion pressure decreases in the flow direction caused the
maximum velocity, hence the critical condition, to occur
at the pipe’s end.

Exit pressures were determined by extrapolation from
a series of static pressure measurements near the end of
each test section. All data were subject to some error be-
cause the pressure profile near the exit is very steep (up
to 250 lb./sq.in./in. in reference 12). Earlier investi-
gators (2) did not determine the pressure profile in the
steep region, so their results are not included in this com-
parison. Table 1 lists distance of the last pressure tap from
the exit for the four sets of critical flow data employed
here.

Each experimenter ascertained exit quality by heat bal-
ance, by employing a flow model to determine kinetic
energy. Fortunately, differences between exit quality cal-
culated by the homogenecus and separated models are
quite small. Qualities based upon the homogeneous model
are employed in this analysis. If the separated model had
been used instead, agreement between experimental and
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predicted critical flow rates would be slightly closer at low
qualities and nearly the same at high qualities.

Combined critical flow data of references 1, 3, 4, and
12 are presented in Figures 4 through 6. These plots in-
dicate critical flow rate as a function of pressure with a
quality parameter. Experimental data are grouped into
quality ranges, and the maximum slip ratio model pre-
diction at the midpoint of each range is shown for ther-
modynamic equilibrium between the phases. Both ap-
proaches to the maximum slip ratio model (momentum
and mechanical energy equations) are included on the
graphs. Predicted flow rates follow well the pressure be-
havior of the experimental data; deviations appear to be a
function of quality only. The critical flow rates of the me-
chanical energy equation approximate the experimental
data more closely than those of the momentum equation.

Table 2 indicates average deviation between mechani-
cal energy balance predicted and experimental critical
flow rates for each quality range. Predicted values are too
low at high qualities and toc high at low qualities. The
average percentage difference from all the experimental
data is — 8.5%.

3
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Fig. 4. Critical flow rate vs. exit pressure. Quality ranges 0.005 to
0.015, 0.15 to 0.25, 0.75 to 0.85.
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Fig. 5. Critical flow rate vs. exit pressure. Quality ranges 0.05 to
0.15, 0.35 to 0.45, 0.94 to 1.00.

Critical flow rates predicted by Equation (30) are com-
pared with large diameter (6- and 8-in.) pipe steam-water
critical flow data reported by James (I3) in Figure 7.
There is good agreement at higher qualities, but the
model predicts higher than the experimental flow rates at
low qualities.

Why isn’t the agreement between predicted and experi-
mental critical flows closer? This question cannot yet be
definitely answered. However, three factors may con-
tribute. Drop size, if below 10~7 ft., may cause a sig-
nificant proportion of the system’s total energy to reside in
the interfaces between the phases. This effect, which has
not yet been determined at critical flow, should decrease
the mixture quality and thus increase the critical flow rate.
The phenomenon should have the most prominence at high
qualities.

Reference 12 indicates that metastable states are pres-
ent in critical steam-water flow. Both super heating (to
14.0°F.) and supercooling (to 7.5°F.) were indicated
by simultaneous temperature and pressure measurements.
If these data were incorporated into the maximum slip
ratio model, they would cause the model to predict higher
critical flow rates throughout most of the quality spectrum.

Another possibility dwells with the slip ratio. Vance’s
results (9) show that K is a strong function of quality,
pressure, and the ratio of the mass velocity to the critical
mass velocity at G/G. values approaching unity. Whether
or not the slip ratio actually reaches (V,/V¢)1/8, which is
quali(t{v independent, remains to be experimentally deter-
mined.

COMPARISON OF TWO-PHASE AND SINGLE-PHASE
CRITICAL FLOW

Mathematically speaking, the differences between two-
and single-phase critical flow are not great. Both are given
by the square root of the reciprocal compressibility at
constant entropy. Important mathematical differences are
caused by slip, vaporization rate, and the inequality of
critical flow rates calculated by the momentum and me-
chanical energy equations. However, many investigators
have noticed other important contrasts.
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Fig. 6. Critical flow rate vs. exit pressure. Quality ranges 0.25 to
0.35, 0.85 to 0.95.

Faletti (1), Fauske (4), and Zaloudek (3) each ob-
served that the approach to two-phase critical flow was
asymptotic. Faletti concluded that below 50% steam,
complete sonic choking may not be achieved. Zaloudek
measured the effects of a back pressure perturbation when
the differential pressure was as high as 100 Ib./sq.in.
These observations clearly point out that additional phe-
nomena, not included in the limiting mathematical expres-
sion, contribute significantly to two-phase critical flow.

An important difference between gas and vapor-liquid
flow lies in the relative importance of the frictional term
in the momentum equation. It is much larger in two-phase
flow than with either phase flowing alone. Therefore, a
greater total pressure drop is necessary for a given sum
of accelerational and gravitatjonal pressure drops. Also, in
vapor-liquid flow at equal levels of the other parameters,
friction pressure drop increases as quality decreases (see
reference 14).

To characterize the difference more thoroughly, Equa-
tion (32) is restated:

TasLE 2. CoMPARISON OF MAXIMUM SLIP RATIO MECHANICAL
ENERGY MODEL PREDICTION WITH EXPERIMENTAL
CrrricaL FLow Darta

Average percent-
age difterence

% Quality No. of Gexp.-Gpred. % 100
range data points Gexp.
94 to 100 14 13.2
85 to 95 9 11.6
75 to 85 11 131
65 to 75 13 15.1
55 to 65 31 10.5
45 to 55 22 9.8
35 to 45 37 5.5
25 to 35 56 —11
1510 25 61 —10.4
Sto 15 53 —27.3
Oto5 69 —35.2
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As the maximum flow rate is approached with gas flow,
(80Vu/0Z) tends to infinity, which reduces the already
small frictional and gravitational terms to almost zero. This
situation is accomplished with relatively small differences
between the throat and back pressures in gas flow. If the
reasoning behind the maximum slip ratio model is correct,
(8Vu/8Z) also moves toward infinity as two-phase critical
flow is approached. Since the frictional and gravitational
terms are greater, a larger difference between the throat
and back pressure is required to reach fully critical flow.

The approach to two-phase critical flow is further com-
plicated, by relative velocity, Other factors being equal,
slip lowers the acceleration pressure drop. Vance’s (9) re-
sults show that slip ratio markedly increases as critical flow
is approached. Figure 3 indicates that 8/0Z (8V/0K)
also increases as Z — 0. Since (V5 /3K) is always nega-
tive, (dVy/9Z) is lowered by the slip ratio. Thus, even
when slip’s increased frictional pressure drop is ignored,
relative velocity serves to augment the importance of fric-
tional pressure drop as critical flow is approached. There-
fore, slip contributes to the asymptotic approach to criti-
cal flow.

SUMMARY OF CONCLUSIONS

1. To describe adequately separated two-phase flow by
a one-dimensional approach, four different mixture spe-
cific volumes must be defined. One is based on an area
average; the second is based on a momentum average; the
third is based on a kinetic energy average; and the last is
based on a velocity average.

2. Increased relative velocity between the 1phases ini-
tially lowers all specific volumes except the velocity aver-
age. The momentum average specific volume minimizes
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when the slip ratio equals (V,y/V;)1/2, while the kinetic
energy average specific volume reaches its minimum value
at a slip ratio of (V,/V;)1/3. Area average specific volume
does not minimize with slip ratio.

3. Because a higher slip ratio decreases the entropy of
a closed system, (V,/Vy)1/3 is the maximum slip ratio at-
tainable in two-phase critical separated flow.

4. A new critical flow model based on isentropic sep-
arated flow and the maximum slip ratio was developed
and compared with the steam-water critical flow data of
four investigators. While the predicted flow rates followed
well the pressure behavior of the experimental data, they
were too low at high qualities and too high at low quali-
ties.

5. Differences in the approach to critical flow between
a gas and a vapor-liquid stream appear to be caused by
the latter’s increased frictional and gravitational pressure
drops and relative velocity effects.
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NOTATION

cross-sectional flow area, sq.ft.

wetted perimeter, ft.

diameter, ft.

friction factor

mass flow rate, Ib.,/ (sq.ft.) (sec.)
acceleration of gravity, ft./sec.2

universal gravitational constant = 32.174
enthalpy, B.t.u./lb.y,

flow-weighted or mixing cup enthalpy, B.t.u./lb.,
stagnation enthalpy, B.t.w./lb.m

mechanical equivalent of heat = (778 ft.) (1b.¢)/
B.t.u.

slip ratio, u,/us

kinetic energy, B.t.u./lb.

circumferential distance, ft.

static pressure, 1b./sq.in.abs.

fraction of the cross-sectional area occupied by a
phase

entropy, B.t.u./(Ib.;) (°F.)

temperature, °R.

velocity, ft./sec.

specific volume, cu.ft./lb.,

mass rate, Ib.,/sec.

quality = Wg/W

axial distance, ft.

R O™Ta»
(1 T O 1 A

LR
o

=

I

NXg<e 9®»  mee

I

@
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x

Letters

inclination angle from horizontal
density, 1b.,,/cu.ft.
shear stress, 1b.¢/sq.ft.

° R
o

-

Subscripts

A = area average

avg = average

f = liquid

g = vapor

H = homogeneous model
KE = kinetic energy average
M = momentum average

VA = direction
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Vapor-Liquid Equilibrium for the System

Hydrogen—Benzene—Cyclohexane—n-Hexane

ALAN J. BRAINARD and G. BRYMER WILLIAMS

University of Michigan, Ann Arbor, Michigan

This paper presents vapor-liquid equilibrium data for the system hydrogen—benzene—cyclo-
hexane—n-hexane over the pressure range of 500 to 2,000 Ib./sq.in.abs. and the temperature
range of 200° to 300°F. Experimental equipment was constructed that was capable of operat-
ing at pressures of 3,000 Ib./sq.in.abs. and at temperatures of 400°F. A static equilibrium cell,
which had a sample port for both the liquid and vapor phases, was employed. Separation of the
hydrogen from the hydrocarbons by means of a liquid nitrogen cold trap was utilized before
performing the hydrocarbon analyses on a mass spectrometer. Three hydrocarbon mixtures were
charged to the equilibrium cell, and for each charge, isotherms of 200°, 250°, and 300°F. were
run for equilibrium pressures of 500, 1,000, 1,500 and 2,000 1b./sq.in.abs. These thirty-six
quaternary equilibrium runs resulted in a total of one hundred and forty-four equilibrium data
points. In addition, four binary equilibrium runs were determined both for the hydrogen-benzene
and hydrogen-cyclohexane systems. A modified version of the Chao-Seader correlation was
used to predict the data. This correlation was able to predict all the quaternary equilibrium

ratios with an average deviation of 4.86%.

The need for basic data on the vapor-liquid equilibrium
in hydrogen-hydrocarbon systems has become more im-
portant recently, especially in the design of commercial
hydrocracking units. The bulk of the published literature
in this area has appeared within the past twenty years,
and it is likely that there is more interest and activity in
this area than ever before.

The wide variety of possible hydrogen-hydrocarbon
systems, as well as temperature and pressure conditions
that may be of interest, points out the need of a prediction
technique that will handle these systems. Physical chem-
ists and physicists have been developing models of the
gaseous and liquid states that enable one to predict the
properties of these states.

For the most part, engineers have turned to empirical
approaches to the subject, and a number of generalized
charts have been developed. The NGAA charts (1), the

Alan J. Brainard is with Esso Research Laboratories, Baton Rouge,
Louisiana.
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Kellogg charts (2), and the chart of Hougen et al. (3)
are representative of these correlations.

Hydrogen-hydrocarbon systems present interesting ex-
perimental challenges. Over quite wide temperature and
pressure conditions one is dealing with very small quanti-
ties of some of the substances in the system in each of the
equilibrium phases. Under the temperature and pressure
conditions of this investigation, small hydrogen liquid
phase concentrations and small hydrocarbon vapor phase
concentrations resulted at equilibrium. It is felt that the
experimental approach presented in this paper avoids
some of the inherent difficulties present in a normal anal-
ysis scheme.

EQUIPMENT

An overall schematic representation of the experimental
apparatus is shown in Figure 1. For the sake of description,
the system will be divided into three sections: the charging
section, the equilibrium section, and the sampling section.
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